We characterize the metallic structure on the product of two metallic manifolds in terms of metallic maps and provide a necessary and sufficient condition for the warped product of two locally metallic Riemannian manifolds to be locally metallic. The particular case of product manifolds is discussed and an example of metallic warped product Riemannian manifold is provided.
It is known ( [13] ) that an almost product structure F on M induces two metallic structures: (4) J ± = ± 2σ p,q − p 2 F + p 2 I
and, conversely, every metallic structure J on M induces two almost product structures:
where
is the metallic number, which is the positive solution of the equation x 2 − px − q = 0, for p and q non zero natural numbers.
In particular, if the almost product structure F is compatible with the Riemannian metric, then J + and J − are metallic Riemannian structures.
On a metallic manifold (M, J) there exist two complementary distributions D l and D m corresponding to the projection operators l and m ( [13] ) given by:
The analogue concept of locally product manifold is considered in the context of metallic geometry. Precisely, we say that the metallic Riemannian manifold (M, g, J) is locally metallic if J is parallel with respect to the Levi-Civita connection associated to g.
Metallic warped product Riemannian manifolds 2.1 Warped product manifolds
Let (M 1 , g 1 ) and (M 2 , g 2 ) be two Riemannian manifolds of dimensions n and m, respectively. Denote by p 1 and p 2 the projection maps from the product manifold M 1 × M 2 onto M 1 and M 2 and by ϕ := ϕ • p 1 the lift to M 1 × M 2 of a smooth function ϕ on M 1 . In this case, we call M 1 the base and M 2 the fiber of M 1 × M 2 . The unique element X of T (M 1 × M 2 ) that is p 1 -related to X ∈ T (M 1 ) and to the zero vector field on M 2 will be called the horizontal lift of X and the unique element V of T (M 1 × M 2 ) that is p 2 -related to V ∈ T (M 2 ) and to the zero vector field on M 1 will be called the vertical lift of V . Also denote by L(M 1 ) the set of all horizontal lifts of vector fields on M 1 and by L(M 2 ) the set of all vertical lifts of vector fields on M 2 .
For f > 0 a smooth function on M 1 , consider the Riemannian metric on M 1 × M 2 : (7) g := p 
Remark that if f is constant (equal to 1), the warped product becomes the usual product of the Riemannian manifolds.
The projection mappings of T (M 1 ×M 2 ) onto T (M 1 ) and T (M 2 ), respectively, denoted by π 1 =: T p 1 and π 2 =: T p 2 verify:
The Riemannian metric of the warped product manifold M = M 1 × f M 2 equals to:
and we notice that the leaves M 1 × {y}, for y ∈ M 2 , are totally geodesic submanifolds of (
If we denote by ∇,
In particular:
) is the warped product of M 1 and M 2 by the warping function f and m > 1, then for any X, Y , Z ∈ L(M 1 ) and any U, V , W ∈ L(M 2 ), we have:
Let S, S M 1 , S M 2 be the Ricci curvature tensors on M, M 1 and M 2 and S M 1 , S M 2 the lift on M of S M 1 and S M 2 . Then:
) is the warped product of M 1 and M 2 by the warping function f and m > 1, then for any X, Y ∈ L(M 1 ) and any V , W ∈ L(M 2 ), we have:
2. S(X, V ) = 0; 
, where S, S 1 and S 2 are respectively the Ricci curvature tensors of the Riemannian manifolds (M 1 × M 2 , g), (M 1 , g 1 ) and (M 2 , g 2 ).
Remark that the Riemannian curvature tensor of a locally metallic Riemannian manifold has the following properties:
is a locally metallic Riemannian manifold, then for any X, Y, Z ∈ T (M):
R(JX, Y ) = R(X, JY ),
where ({g n } n∈N * ) is the generalized secondary Fibonacci sequence defined by g n+1 = pg n + qg n−1 , n ≥ 1 with g 0 = 0, g 1 = 1 and p, q ∈ N * .
Proof. The locally metallic condition ∇J = 0 is equivalent to ∇ X JY = J(∇ X Y ), for any X, Y ∈ T (M) and (13) follows from the definition of R. The relations (14) , (15) and (16) follows from the symmetries of R and from the recurrence relation
is a locally metallic Riemannian warped product manifold, then M 2 is J-invariant submanifold of M.
Proof. Applying (14) from Proposition 2.5 and Lemma 2.2, we obtain
, where H f is the lift on M of Hess(f ).
Metallic warped product Riemannian manifolds 2.2.1. Metallic Riemannian structure on ( M , g) induced by the projection operators
The endomorphism (17)
verifies F 2 = I and g(F X, Y ) = g( X, F Y ), thus F is an almost product structure on
By using relations (4) we can construct on M 1 × M 2 two metallic structures, given by:
. Therefore, we can state the following result: Theorem 2.7. There exist two metallic Riemannian structure J ± on ( M, g) given by:
Remark that for J + = 2σ p,q − p 2 F + p 2 I, the projection operators are π 1 = m, π 2 = l and for J − = − 2σ p,q − p 2 F + p 2 I we have π 1 = l, π 2 = m, where m and l are given by (6).
Remark 2.8. If we denote by ∇ the Levi-Civita connection on M with respect to g, we can check that ∇F = 0 [hence ∇ J ± = 0 and so
For the case of a product Riemannian manifold ( M = M 1 × M 2 , g) with g given by (7) for f = 1 and J ± defined by (19), we deduce that the Riemann curvature of ∇ verifies (13) , (14), (15) 
where J 1 and J 2 are two metallic structures defined on M 1 and M 2 , respectively, with J 2 i = pJ i + qI, i ∈ {1, 2} and p, q non zero natural numbers. It follows that:
. Therefore, we can state the following result:
Theorem 2.9. If (M 1 , g 1 , J 1 ) and (M 2 , g 2 , J 2 ) are metallic Riemannian manifolds with J 2 i = pJ i + qI, i ∈ {1, 2} and p, q non zero natural numbers, then there exists a metallic Riemannian structure J on ( M , g) given by:
For the case of a product Riemannian manifold ( M = M 1 × M 2 , g) with g given by (7) for f = 1 and J ± defined by (19), we deduce that the Riemann curvature of ∇ verifies (13), (14) , (15), (16). Now we shall obtain a characterization of the metallic structure on the product of two metallic manifolds (M 1 , J 1 ) and (M 2 , J 2 ) in terms of metallic maps, that are smooth maps Φ : M 1 → M 2 satisfying:
Similarly like in the case of Golden manifolds ( [5] ), we have:
Proposition 2.10. The metallic structure J := (J 1 , J 2 ) given by (22) is the only metallic structure on the product manifold M = M 1 × M 2 such that the projections p 1 and p 2 on the two factors M 1 and M 2 are metallic maps.
i , thus M is a warped product submanifold of the metallic Riemannian manifold (R 2n , ·, · , J).
